ON MIRZAKHANI'S TWIST TORUS CONJECTURE
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ABSTRACT. We address a conjecture of Mirzakhani about the statisti-
cal behavior of certain expanding families of “twist tori” in the moduli
space of hyperbolic surfaces, showing that they equidistribute to a cer-
tain Lebesgue-class measure along almost all sequences. We also identify
a number of other expanding families of twist tori whose limiting distri-
butions are mutually singular to Lebesgue.

1. INTRODUCTION

Let M, be the moduli space of hyperbolic structures on a closed, oriented
surface S of genus g > 2. Let v be a pants decomposition of S, i.e., a
maximal collection of non-isotopic, pairwise disjoint, essential, simple closed
curves. For any L > 0, there is a twist torus T, (L) C M, consisting of
those hyperbolic surfaces glued together from pairs of pants with all bound-
ary components of length L along a pants decomposition of topological type
7. The gluing/twist parameters take values in a torus (R/LZ)3973, as one
full twist about any curve in v yields an isometric hyperbolic surface. The
twist torus T, (L) is an immersed finite quotient® of (R/LZ)39~3, which we
equip with the pushforward 7. (L) of the Lebesgue measure on (R/LZ)%973.
See §3 for a more detailed discussion.

Mirzakhani conjectured” that as L — oo, these tori equidistribute in M,
to a certain measure in the class of Lebesgue. See §2 for definitions of the
function B(X), the constant by, and the measure volwp.

Conjecture 1.1 (Mirzakhani’s twist torus conjecture). Let v be any pants
decomposition. Then

~(L) _ B(X)
M, pams =, el (X

with respect to the weak-* topology on measures on M,.

This should be compared with a classical result regarding the equidistribu-
tion of expanding closed horocycles in the unit tangent bundle SLoZ\SLsR =
T'Y of the modular curve Y. Denote by A(L) the Lebesgue measure on
the (unique) closed orbit of the unstable horocycle flow of period L. Then
A(L)/L converges weak-+ as L — oo to the Liouville measure on 7Y, nor-
malized to have unit volume [Sar81]; see [FEM93, §II] for a proof using ideas
introduced in Margulis’s thesis [Mar70, Mar04] and mixing of the geodesic

IAs ~ may have a non-trivial finite symmetry group.
2See [Wri20, Problem 13.2].
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flow [Hed39]. Using the projection p: T'Y — Y, one obtains an equidistri-
bution result of the form

. psA(L) 27
AT = Sorriyy dAreay

where d Areay is the hyperbolic area measure on Y.

Conjecture 1.1 also has a refinement in terms of the equidistribution of
expanding orbits of a flow. Using geodesic length functions, Thurston identi-
fied the unit cotangent bundle of M, with PlMg, the bundle of unit length
measured geodesic laminations over M, (see §2). This bundle carries the
unipotent-like earthquake flow: given a hyperbolic surface X and a mea-
sured lamination A, the earthquake flow acts by cutting open X along A,
shearing along A according to its measure, and then regluing. There is an
earthquake flow—invariant ergodic measure pnip, on PlMg in the class of
Lebesgue, which satisfies

dp*MMirz(X) = B(X) dVO]V\/p(AX)7

where p : PlMg — M, forgets the measured lamination. Its mass is the
constant by. Recent results have tied the ergodic theory of the earthquake
flow with respect to pmir, to questions about counting hyperbolic geodesics
[Mir07, AH20, Liu20, AHC22].

Twist tori lift to 731/\/19 by keeping track of the pants decomposition ~
weighted by 1/(3g — 3)L. Evidently, these lifted twist tori are invariant
under the earthquake flow. Conjecture 1.1 would therefore follow from the
stronger statement that the normalized Lebesgue measures on lifted twist
tori equidistribute to v, /by in PlMg as L — oo.

In this paper, we address this stronger version as well as the following
generalization. Fix a pants decomposition v = vy U ... U 734-3, a length
vector £ € Rigofg, and a weight vector h € Rigof?’ such that £-h = 1. Denote
by hy the measured lamination hiy; U. ..U h3g_3734—3. Setting the length
of each ~; equal to ¢; and taking arbitrary twists yields an immersion of a
(finite quotient of a) torus into M, as before, and we can lift this this to a
map

(R/GHZ) x ... x (R/l34_37) & P M,
by specifying the lamination coordinate to be hy. Let PT,(£,h) C PIM,
denote the image of this map and let (£, h) be the pushforward of Lebesgue
measure, normalized to have unit mass. We observe that for almost every
choice of weights h, the measure p.,(£,h) is ergodic for the (translation)
action of the earthquake flow on T.(€,h). Again, see §3 for the precise
constructions.

Say that a pair of pants has property (V) if one of its boundary lengths
is the sum of the other two. Pick (X, hy) € PT, (£, h), and let V,(£) denote
the number of components of X \ v that have (V); this number does not
depend on the choice of X or h.
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Theorem 1.2. Fix any pants decomposition v, any £ € Rigof‘?, and any
h € Rigof‘q’ such that £-h = 1. There is an earthquake flow invariant
probability measure po, on 731/\/19 and a set Z C R of zero density such
that
li t —t — .
Jim g1 (€74, 7h) = piog
17
The measure ji arises from the Masur—Smillie-Veech measure on a com-
ponent of a stratum of quadratic differentials having 4g —4 — 2V, (€) simple
zeros and V. (£) zeros of order 2. In particular,
(1) if V,(€) =0, then pioo is pinirs/by-
(2) if V,(€) > 0, then po is not equal (hence singular) to fnir,/bg-
Consequently, Conjecture 1.1 is true outside a set of times e where Z has
zero density.

We emphasize that Mirzakhani’s conjecture only references pnir,; it seems
to have been unexpected that families of twist tori could equidistribute to
anything else. See Theorem 5.6 for a detailed, precise formulation of the
limiting distributions that appear in Theorem 1.2. The generic pair (X, \)
with respect to one of these measures is a hyperbolic surface equipped with
a measured lamination that cuts it into a union of regular ideal polygons
[CT24b, Corollary 1.2].

The following averaged version of Conjecture 1.1 is an immediate conse-
quence (just push down to M,):

1 (T (e B(X
T/O e(gg(—B))t dt — 1(79 )dVOIWP(X).

The strategy of our proof is to exploit a deep connection between the
earthquake and horocycle flows discovered by Mirzakhani [Mir08] and fur-
ther developed by the authors in [CF24b, CF24a]. Briefly, there is a bijective
Borel isomorphism O : 771./\/19 — Ql./\/lg that takes the earthquake flow to
the horocycle flow on the moduli space Q' M, of unit area quadratic differ-
entials in a time-preserving way. While O is not continuous, it is continuous
along the leaves of a certain foliation and each T, (€, h) is contained in such
a leaf. This allows us to map the twist torus via O to get a torus in QlMg
consisting of flat surfaces glued together from horizontal cylinders corre-
sponding to the components of v with heights h and lengths £; see Figure 1.
Once in this setting, we can use powerful results from Teichmiiller dynamics
to understand the limiting distribution of expanding twist tori in Q'M,.

The driving engine of our proof is then the following theorem, which
allows us to pull back equidistribution statements from Q'M, to PIM,.
This is a special case of [CF24a, Theorem B].

Theorem 1.3. Suppose that v, — v is a convergent sequence of probability
measures on a stratum of Ql./\/lg7 and suppose that v is a PSLy R-invariant
probability measure. Then O*v,, — O*v on P M,,.
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FiGURE 1. Hyperbolic and flat twist tori. These tori are
mapped to each other under O.

Thus, having proved an equidistribution statement for expanding twist
tori in Ql./\/lg, we can simply pull it back to deduce Theorem 1.2. This
scheme also works to show the equidistribution of many different families of
expanding twist tori where « is an arbitrary multicurve, and can be used
to show equidistribution to many different limiting distributions. See Sec-
tion 6, in particular Theorems 6.2, 6.9, and 6.10, the last of which shows
that 2g-dimensional expanding twist tori often equidistribute to Mirzakhani
measure.

Remark 1.4. One could also ask about expanding twist tori in Mg, that
is, when the hyperbolic surfaces are allowed to have cusps. Our methods
rely on all of our previous results on the conjugacy O, which do not yet have
analogues in the punctured setting.

1.1. Context: unipotent flows on moduli spaces. There are surpris-
ing similarities between the dynamics of groups generated by unipotents on
homogeneous spaces and the action of PSLs R on strata of holomorphic dif-
ferentials. By way of [Mir08] and [CF24b, CF24a], parts of this analogy can
now be extended to the action (of the group P of upper triangular matrices
in PSLy R) by stretchquakes on P M,,.

A subgroup U of a connected reductive Lie group G is horospherical if
there is a g € G such that

U={ueG:g"ug™" —id, n — co}.

For a lattice I' < G and horospherical subgroup U < G, the U-invariant
ergodic probability measures and U-orbit closures in T'\G were classified
by Dani [Dan&6]: they are homogeneous. In her landmark results, Ratner
proved that such rigidity phenomena hold for arbitrary connected subgroups
H < G generated by unipotents [Rat91a, Rat91b]: every H-invariant ergodic
probability measure and H-orbit closure in I'\G is homogeneous.

Despite the seemingly insurmountable difficulty that strata of holomor-
phic quadratic differentials on higher genus surfaces are completely inhomo-
geneous, Eskin and Mirzakhani showed that P-invariant probability mea-
sures are extremely well behaved [EM 18], and with Mohammadi they proved
that the same is true for orbit closures [FENVIM15] (see §4.2 and Theorem 4.4
for a summary of their results).
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Leveraging the ergodicity of the earthquake flow, Mirzakhani showed that
the analogues of expanding horospheres (L-level sets of the hyperbolic length
of a simple closed curve) equidistribute to 7, pinir, on Mg as L — oo [Mir07].
These level sets can be lifted to P*M,, in a natural way by keeping track
of the curve, as in §3.1. There are finite, earthquake flow—invariant mea-
sures on these lifted level sets that are uniformly expanded/contracted in
forward /backward time by the “dilation flow,” the diagonal part of the
stretchquake action (see the end of §2.3). The lifted level sets have the
maximum dimension with this property; see also Theorems 2.1 and 2.3 that
explain that the conjugacy O maps lifted level sets to leaves of the unstable
foliation for the Teichmiiller geodesic flow. These observations justify Mirza-
khani’s use of the “horospherical” terminology in [Mir(7] (compare [Wri20,
§13.3]).

Twist tori are only (3g —3)-dimensional inside of the (6g — 7)-dimensional
expanding horospheres of the previous paragraph; as such, they should
not be considered horospherical. The much more refined results of Eskin—
Mirzkhani-Mohammadi, analogous to Ratner’s Theorems, are vital ingre-
dients in our proof of Theorem 1.2 and the even more delicate examples
presented in §6. Compare Figure 2.

Mirzakhani’s equidistribution results for expanding horospheres were gen-
eralized by both Arana-Herrera [AH21] (who clarified a technical point in
[Mir07]) and Liu [Liu20] to different types of length functions associated
to multicurves and by Arana-Herrera and the first author [AHC22, The-
orem 5.2] to the case where one puts restrictions on the geometry of the
complementary subsurface.

Our techniques recover and generalize these equidistribution results. In-
deed, let v = 41 U... U~ be any multicurve and h € ]R];O any weight
vector. Consider the L-level set of the hyperbolic length function for h~y :=
hiv1 U...Uhgy in the Teichmiiller space 7,. A measure on this level set is
horospherical if it is absolutely continuous with respect to the Lebesgue
class with continuous density, and if the restriction to each earthquake flow
line is Lebesgue measure. These level sets can also be stratified by the com-
binatorial type of the ribbon graph spine for X \ v (see §2 and §§3.2-3.3).
Fixing a combinatorial type defines a submanifold of the L-level set, and
any measure which is both absolutely continuous with respect to Lebesgue
on such a submanifold and Lebesgue on earthquake flow orbits is called a
horospherical slice measure. See Section 3.3 and Figure 2.

Both horospherical and horospherical slice measures admit earthquake-
flow invariant lifts to the unit cotangent bundle P'7, by setting the second
coordinate equal to hy/L. These can further be pushed forward to P1M,,
and we continue to use the same terminology.
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FIGURE 2. Projections to the length part of Fenchel-Nielsen
coordinates. From left to right: the horospheres considered
in [Mir07], the horospheres considered in [AHC22], the twist
tori of Conjecture 1.1, and a horospherical slice measure on
a lower-dimensional stratum.

As the dilation flow (Dil;) normalizes the earthquake flow, pushforwards
of horospherical (slice) measures by the dilation flow are themselves horo-
spherical (slice) measures. Applying a result of Forni [For21, Theorem 1.6]
(see also [EMNMN22, Proposition 3.2]), we arrive at the following:

Theorem 1.5. Let o be any horospherical (slice) measure on P!M,. Then
Jim (Dil), 0 = i
where s is an earthquake-flow invariant ergodic probability measure on
PIM,. Moreover,
(1) If o is horospherical or supported on a top-dimensional stratum,
then Moo = NMirz/bg-
(2) If o is supported on a lower-dimensional stratum, g, is not equal
(hence singular) to i

In the second case, the limiting measure arises via the Masur—Smillie—
Veech measure on the component of the stratum of QlMg corresponding to
the horospherical slice; see §4.3 for the proof.
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2. FLOWS ON MODULI SPACES

In this section, we discuss basic dynamical features of the spaces PlMg
and QlMg and describe a Borel measurable bijection O conjugating their
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dynamics. Throughout, S is a closed, oriented surface of genus g > 2 and 7,
is the Teichmiiller space of marked hyperbolic or conformal structures on S.
The mapping class group of S will be denoted Mod,, and My = T,/ Mod,,
is the moduli space.

2.1. The horocycle flow. Given a Riemann surface X € 7,, complex de-
formation theory identifies the cotangent space T’y 7, with the vector space
of holomorphic quadratic differentials Q(X) on X. Let Q74 denote the
bundle of non-zero quadratic differentials over 7, and QM, = QT 5/ Mod,.
By integrating 4,/q, each quadratic differential ¢ defines a flat metric on
q\ Z(q), where Z(q) is the set of zeros of ¢q. The area is given by [ |¢|, and
we denote by Q17;] and Ql./\/lg the unit area loci, which can be identified
with the unit cotangent bundles of 7, and M, respectively.

Both Q74 and QM and their unit area loci are stratified by the number
and orders of zeros of the differentials. Every partition k = (K1, ..., k) of
49 — 4 and € € {£1} determines a (possibly empty) stratum Q7 4(x;¢) of
quadratic differentials that are (¢ = +1) or are not (¢ = —1) squares of
abelian differentials. Equivalently, the completion of the flat metric defined
by ¢ € QT 4(k;€) has n cone points, each of which has cone angle excess
kim. The rotational holonomy of the metric lives in Z/2Z and is trivial if and
only if e = +1. We use QM (k;¢) to denote a stratum of QM, and add a
1 superscript to denote unit area loci. Strata are not necessarily connected,
but at least at the level of moduli space their connected components are
classified [KZ03, Lan08, CM14].

Strata are complex orbifolds of dimension (2g — 2) + n + §, where § = 1
if e = +1 and § = 0 otherwise. This can be seen via local period coor-
dinates, constructed as follows. Every g has a a holonomy double cover
q — q, branched over the zeros of odd order, so that ¢ is a (possibly dis-
connected) abelian differential with a holomorphic covering involution. Let
Hl(:S’\, Z;C)_ denote the (—1)-subspace for this involution, where (§, 7) =
(q, Z(q)). Take a triangulation of ¢ by saddle connections, singularity-free
geodesics joining the cone points of ¢; this can be lifted to a triangulation
T of ¢ by saddle connections. Integrating g over the edges of T defines a
cohomology class in H 1(§ . Z: C)~, and any small deformation of all of the
triangles subject to the constraints imposed by H 1(§ , Z ;C)™ defines a new
quadratic differential in the same stratum. The period vector mapping into
H 1(§ , Z ; C)™ near ¢ is called a period coordinate chart. Two overlapping
period coordinate charts differ by an integer linear transformation. We refer
the reader to [Zor06], [Wri20], and [AM24] for a more thorough discussion
of period coordinates and background on flat surfaces.

In particular, for each ¢ € Q7 4(k;¢), the tangent space may be locally
modeled by

T,OT ,(k;¢) = H'(S,Z;C)".
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The same is true for QM,(k;e) modulo orbifold issues (which can be re-
solved by passing to a finite cover).

There is an action of SLoR on QM preserving each stratum component
Q as well as its unit-area locus Q'. For M € SLoR and ¢ € Q, M - g € Q
is defined by postcomposing charts for the singular flat metric obtained by
integration with the R-linear map M : C — C. Since these charts are only
defined up to +1, this SLyR action factors through PSLyR. In a period
coordinate chart H(S,Z;C)~ =2 C® H(S,Z;R)~, the action is given by
applying M to C. The one-parameter subgroups

afo (Y ieer) w0 fun () es)

induce the Teichmiiller geodesic flow and unstable Teichmiiller horo-
cycle flow, respectively We denote by P < PSLyR the group of upper-
triangular matrices generated by geodesic and horocycle flows.

Each component Q of each stratum of quadratic differentials has a natural
affine measure coming from period coordinate charts. This induces a PSLy R-
invariant ergodic Masur—Smillie—Veech probability measure V1Q on the
unit area locus Q' by assigning to a set £ C Q! the affine measure of the
cone {tE |t € (0,1]}, divided by the total mass of Q'. A characterization of
the PSLy R-invariant ergodic probability measures on Q' M, was given by
Eskin—Mirzakhani [EM18]. See §4.2 and Theorem 4.4 below.

Differentials and foliations. Every q € QM is equipped with an imagi-
nary foliation Im(q) by horizontal lines (which supports a transverse mea-
sure recording the total variation of the imaginary part of q) as well as a
real foliation Re(q) by vertical lines supporting a transverse measure lo-
cally of the form |dz|. Let MF, denote Thurston’s space of equivalence
classes of measured foliations (where two foliations are equivalent if they
differ by Whitehead moves and isotopy). An important result of Gardiner—
Masur building on work of Hubbard—Masur shows that the map recording
the equivalence classes of Im(q) and Re(q)

(1) QT y = MFyx MF,\ A
is a homeomorphism [GM91, HM79], where
A= {(n,\) | 3y € MF, such that i(y,n) +i(y,\) = 0}.

Following [Vee86] and [For02] (see also [ABEMI2, Theorem 3.15]), we
define a pair of transverse foliations of QT , and Q'7,. Given ¢ € QMy,
define

WH(N) :={q € QT4 : the imaginary foliation Im(q) is equivalent to A}.

The intersection of W"*(\) with the unit area locus is often referred to
as the strong unstable foliation for the Teichmiiller geodesic flow. The
foliation W*%(\) is defined similarly with the imaginary part replaced with
the real, and its intersection with 917; is often referred to as the strong
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stable foliation. Each leaf WW**(\) has a stratified real-analytic structure
coming from restricting the linear structure of strata of Q7 4 to intersections
with WH*(\).

For every A, define MF(X) := {n € MF, | (n,\) ¢ A}. Using (1), we

have
MF(A) 2 WX C QT,

which we can use to equip MF(\) with a stratified real-analytic structure.

2.2. The earthquake flow. By the uniformization theorem, 7, can also be
identified with the space of marked hyperbolic structures on S. This view-
point yields global analytic Fenchel-Nielsen coordinates on 7, adapted to
any pair of pants decomposition -y, comprised of 3g — 3 coordinate length
functions ¢; and 3g — 3 real valued twist functions 7;. A choice of Fenchel—-
Nielsen coordinates requires a choice of what “zero twist” should mean,
however, the differentials dr; are defined. In other words, the twisting data
form a principal R39~3-bundle over the length data.

Wolpert proved that the symplectic 2-form

39—3
WWPp = Z dl; N\ dr;
i=1
coincides with the imaginary part of the Weil-Petersson Kéahler form, hence
is invariant by Mod, [Wol85]. The top wedge power of wwp defines a volume
form and corresponding Weil-Petersson measure volwp on M,. This
measure is in the class of Lebesgue and has finite total mass.

For any X € 7, Thurston introduced the space ML(X) of measured
geodesic laminations as a natural completion of the set of simple closed
geodesics on X [Thu88, CB88, PH92]. A geodesic lamination A C X is a
closed set that is foliated by disjoint, simple, complete geodesics. The metric
completion X \ A of its complement is a finite area hyperbolic surface with
(possibly non-compact) totally geodesic boundary. A transverse measure
on )\ is the assighment of a measure uy to each C! arc k transverse to \,
such that the support of uy is kN A, and such that this assignment is natural
under inclusion and invariant under transverse isotopy. Throughout, we will
write A to refer both to a transverse measure and its supporting geodesic
lamination.

Neither the set of geodesic laminations nor the space ML(X) depends
on the metric X; as such, we use the notation ML, to refer to the space of
measured laminations. The theory of train tracks gives a family of coordi-
nate charts specifying polyhedral cones in MLg; in each chart, N-weighted
multicurves specify an integer lattice. Transition maps between these charts
are in SL,, and hence this lattice can be used to define a Modgy-invariant
Lebesgue-class measure on ML, called the Thurston measure j1y,. The
generic A with respect to pry, is maximal, in that X \ A is a union of ideal
triangles.
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Given X € 7y, the function that sends a multicurve « to its geodesic
length on X extends homogeneously and continuously to the space of mea-
sured laminations. Denote by ML (X) the sphere of unit length measured
laminations on X; then pry, defines a finite measure 7y on ML (X) by

(3, (E) := prnicA | X € B, c € [0,1]}.

Let B(X) denote the mass of [L%h, equivalently, the pr, measure of the ball
of length < 1 laminations on X.

There is a flat bundle PT 4 over T, with fiber ML(X) over X; the quotient
by Mod, is denoted by PM,. Similarly to quadratic differentials, we will
decorate with a superscript 1 when we restrict to the locus of unit-length
measured laminations. By [Thu98, Theorem 5.1], these bundles can also
be identified with the (unit) cotangent bundles of 7, and M, respectively.
Integrating the fiberwise measures ,&%(h against the Weil-Petersson volume
yields the Modg-invariant, Lebesgue-class Mirzakhani measure on P7;.
Its local pushforward to 731/\/19 is a finite measure p, that we also call by
the same name. The total total mass of g, is

by = /Mg B(X) dvolyp(X),

and by construction, its pushforward to M, under the forgetful map is
B(X)dvolywp (X).

The Mirzakhani measure is invariant and ergodic for the (right) earth-
quake flow, defined as follows. Given a (X, cy) € P'M,, where ¢y is a
weighted simple closed curve, Eq (X, ¢y) = (Eq(X, ¢y), ¢y), where the first
coordinate is the hyperbolic metric obtained by cutting X open along v and
re-gluing with a right twist of length cs. Equivalently, this flow translates
by c¢s in Fenchel-Nielsen coordinates adapted to a pants decomposition con-
taining . For A € ML(S) approximated by weighted simple closed curves
CnYn, the homeomorphisms X +— Eq, (X, c,7,) converge to a map called
the right earthquake in A (see [IKer83] or [Thu06]). This map also admits
an independent description by cutting and re-gluing all of the complemen-
tary components of A on X with a rightwards shear, moving all components
relative to one another by amounts dictated by the transverse measure to \.

2.3. The conjugacy. There is an important connection between the horo-
cycle and earthquake flows introduced above: they are Borel isomorphic (see
Theorem 2.3 below). This relationship was first observed by Mirzakhani on
the full pyi,-measure subset of pairs (X, \) € 731/\/19 where )\ is a maximal
geodesic lamination [Mir038] and was extended to the entirety of P* M, by
the authors [CF24Db].

This isomorphism is constructed by assigning a “dual” foliation to every
lamination A\ on a hyperbolic surface X. Consider a component Y of X \ A.
Most points of Y have a unique closest point on 9Y’; those that have multiple
closest points on dY form a piecewise geodesic 1-complex Sp(Y') called the
spine of Y (see also §3.2 below). The fibers of the closest point—projection
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map Y \Sp(Y) — 9Y form a foliation of Y\ Sp(Y’). Extending continuously
across Sp(Y) yields a piecewise geodesic singular foliation Oyy (Y') called
the orthogeodesic foliation. This foliation has k-pronged singularities at
points that are equidistant from k different points of Y, and every endpoint
of every leaf of Oyy (Y') meets 9Y orthogonally.

Because their leaves are always orthogonal to A and the line field tangent
to A is Lipschitz continuous, the orthogeodesic foliations on the components
of X\ X\ can be extended continuously across A, yielding a singular foliation
Ox(X) on S. This foliation also carries a natural transverse measure, de-
fined by assigning to any geodesic arc in A its Lebesgue measure and then
extending uniquely to all arcs via transverse isotopy. See [CI'24b; Section
5] for more details.

This defines a map O, : 7, - MJF, recording the equivalence class of
O\ (X); the following theorem records the global properties of Oy. When A
is maximal, it is due to Thurston [Thu98]; see also [Bon96] for a treatment
in terms of transverse Holder distributions. For arbitrary A, the following is
a direct consequence of Theorems D and E of [CF24b].

Theorem 2.1. For every A € ML, the map O, is a stratified real-analytic
homeomorphism

O : Ty — MF(X) 2 W™ ()

that is equivariant with respect to the stabilizer of A in Mod, and satisfies
i(OA(X),A) =Llx(N).

Remark 2.2. Theorem D of [CF'24b] establishes that O) is a homeomor-
phism. Theorem E therein asserts that Oy factors as Oy =1 ;loa,\, where o)
is stratified real-analytic and I;l is linear when restricted to each stratum.
Thus O, is also stratified real-analytic.

It is well known that ML, and MF, are canonically homeomorphic
[Lev&3]. Combining this fact with Theorem 2.1 and (1), we obtain a Mod-
equivariant bijection

O:PTy= Tyx ML, — MF,x MF,\A =0T,
(X,)\) = (OA(X)7)‘)

Moreover, for (X, \) € PT 4, the real foliation of O(X, \) is actually isotopic
to Ox(X) (see [CF24Db, §5.3]).

The fact that the length of A on X is equal to the area of O(X, \) combined
with the Modg-equivariance of O imply that it restricts to a bijection

0:PM, - Q' M,

of the same name. The following omnibus theorem combines the main theo-
rems of [Mir08] and [CF'24Db] together with a special case of the main result
of [CF24a]. See the footnotes for specific citations.
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Theorem 2.3. The map O : 731/\/19 — QlMg is a bijective Borel isomor-
phism?® with the following properties:

(1) O takes earthquake flow to horocycle flow in a time-preserving way:
OoEq, =us00."

(2) Oupinirz/bg is the Masur—Smillie-Veech probability measure on the
principal stratum of Q1M9.5

(3) Each k-pronged singularity of Oy (X) corresponds to an order (k—2)
zero of O(X, \) and vice versa.’

(4) If Q' is a component of a stratum of Q' M, and ¢ € Q! has no
horizontal saddle connections, then ¢ is a point of continuity for
071|Q1.7

All PSLs R-invariant probability measures on strata give zero measure to
the set of differentials with horizontal saddle connections (see §4.2 below).
Item (4) therefore allows us to pull back equidistribution to such measures
[Bil68, Theorem 5.1], and implies Theorem 1.3 from the Introduction.

Remark 2.4. Mirzakhani pointed out that O (or any extension of her orig-
inal conjugacy) is discontinuous along sequences (X, \,) where the mea-
sured and Hausdorff limits of maximal laminations A, disagree [Mir08, p.
33]. It is now known that there can be no continuous map P M, — Q' M,
conjugating the earthquake and horocycle flows [AHW23], so Theorem 2.3
(and the more general Theorem A of [C'24a]) are essentially optimal.

The conjugacy O allows us to pull back the Teichmiiller geodesic flow
from Q'M, to define a measurable dilation flow (Dil;) on P*M, that
normalizes the earthquake flow (see [CF24b, §15.3]):

Dil; o Eq, 0 Dil_t = Eq,2t, .

This transformation can also be characterized by scaling the orthogeodesic
foliation (and hence the spine of X \ X). Given any X € 7, and A € ML,
the dilation ray {X;} directed by \ is the projection of Dil¢(X, ) to 7j.
By Theorem 2.1, it is uniquely specified by the equation Oy (X;) = e! O)(X).

3. HYPERBOLIC TWIST TORI

We begin by establishing some notation for twist tori and associated mea-
sures on moduli spaces. Throughout this section, we use Conjecture 1.1 as
a motivating example but phrase all of our results in generality.

3Theorem C of [(F24b] and Theorem 15.4 of [CF24a].
4Theorem A of [(F24b]; see also Theorem 1.1 of [Mir08].
5Section 1.2 of [Mir0g].

6proposition 5.10 of [CF24b].

A stronger version of this is proved as Theorem 15.6 of [CF24a].
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3.1. Twist tori. Let v = (71,...,7) be a multicurve on S; throughout the
paper we use S\ to denote the (possibly disconnected) compact surface with
boundary obtained by removing an open annulus about each ~;. Associated
to 7y there is a cut-and-glue fibration that expresses a hyperbolic structure
on S in terms of the induced hyperbolic structure on S\ v and how these
structures are glued together. Let 7(S \ 7) denote the space of marked®
hyperbolic structures with totally geodesic boundary on S\ = so that for
each 7, the two boundaries of S\ 7 that are glued along ~; have the same
length. Then we have the following principal R"-bundle:

R?" ——— 7,

icut,y
T(5\7)

where the R" fibers record the twisting about the curves of . In the case
that - is a pair of pants, these are just the usual Fenchel-Nielsen coordinates.
For an arbitrary measured lamination A, the authors developed shear-shape
coordinates that parametrize 7, in a similar way [CF24b].

Fix any Y € T(S\ ) and set £ = £(Y) to be the vector of boundary
lengths of Y (that is, the lengths of the curves of 7). The fiber cuty Ly)
is an R™-torsor, hence is equipped with n-dimensional Lebesgue measure.
The twist subgroup (T7,,) = Z™ < Mod(S) acts by translations on the fiber;
quotienting yields an n-torus

cut; (V) /(Ty,) = (R/OZ) x ... x (R/U,Z) C Ty/(Ty,)

equipped with a measure 7., (Y) of mass [[ ¢;(which is the local pushforward
of Lebesgue).
Let m: Ty = Mg and 7 : Ty/(T,) = M, denote the natural (orbifold)

covering maps.
Definition 3.1. The twist torus associated to Y € T(S\ v) is

T (Y):=mx (cutgl(Y)) =7 (Cut;l(Y)/<T%>) C M.
The associated twist torus measure on M, is 7,(Y) := 7, (7,(Y)) .
Lifting to the cotangent bundle. In order to apply the results of [CF24a]
and connect hyperbolic twist tori to their flat counterparts, we will need
to first lift twist tori to P'M,. To do so, choose any weight vector h =
(hi,...,hp) € RY satisfying £-h = 1. We can then lift the fiber cut;l(Y)
into 731’7;, by setting the second coordinate equal to hvy, the weighted mul-
ticurve hiy1 U ... U hpv,. Quotienting out by the twist subgroup yields

an embedded torus in P17, /(T,,) with its Lebesgue measure, and pushing
down to moduli space we get a torus

PT,(Y,h) := 7 (cut; (V) x {hy}) C P'M,

8Here, the marking does not record twisting about the boundary.
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where 7 is again the quotient by the action of the mapping class group.

We can now define a measure supported on PT- (Y, h) similarly to how we
obtained 7., (Y): there is a natural Lebesgue measure on cut;'(Y) x {hy},
whose local pushforward yields a finite measure after quotienting by the
twist subgroup, and we define y, (Y, h) to be the further pushforward of this
measure to PlMg, normalized to have unit mass. Unpacking definitions, we
see that

(2) D« (,LLA/(Y, h)) =5

as measures on M, where p : PlMg — My is the natural projection map.

Remark 3.2. The map p does not necessarily restrict to a homeomorphism
between T, (Y) and PT,(Y,h); it is generally just an (orbifold) covering.
For example, if 7 = (v1,72) where each ~; is nonseparating but hy # ha,
then the stabilizer of =y is larger than the stabilizer of h~y.

3.2. Arc systems and ribbon graphs. In order to discuss families of
expanding twist tori, we will need to vary the hyperbolic structure Y on the
complement of +. This is easy when + is a pants decomposition, because
one can just scale up the lengths of the pants curves. In general, we will
consider the pushforwards of PT, (Y, h) by the dilation flow (defined in §2.3
above).

To describe these tori more concretely, we recall from Section 2.3 that the
spine Sp(Y) of a hyperbolic surface with boundary Y is the set of points that
have multiple closest points on dY. The spine is naturally a ribbon graph
(i.e., a graph with cyclic orderings at its vertices) whose vertices of valence
k correspond to k-pronged singularities of Ogy (V). It is also equipped with
a metric given by assigning to each edge of Sp(Y’) the length of either of
its closest point—projections to 9JY’; equivalently, this is the mass of the
transverse measure deposited by the orthogeodesic foliation on the geodesic
connecting the two vertices.

Dually, the data of Sp(Y') can also be recorded as a weighted, filling arc
system on Y. Leaves of the orthogeodesic foliation Oyy (Y') break up into
finitely many isotopy classes of arcs rel Y and we use « to denote the set
of these isotopy classes. Assigning to each arc the length of its dual edge
of Sp(Y') then defines a positive weight system on a. See [CF24b, §6] for a
more thorough discussion of this duality.

The map taking a taking a hyperbolic surface with boundary to its spine
(or dual arc system) in fact defines a stratified piecewise real-analytic Mod, j—
equivariant homeomorphism [L.uo07]

Sp : 7;71) l> T’Rgg,b,

where 7T, is the space of marked hyperbolic surfaces with genus g and b
boundaries and 7RG, is the space of marked metric ribbon graphs (up
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to homotopy) with the same genus and number of boundaries.” See also
[Ush99, Do08, Mon09].

The spine map takes surfaces with boundary lengths £ to ribbon graphs
whose boundary lengths are also £. Given a multicurve v on a closed surface
S, we can therefore piece together the spine maps on each component of S\ ~y
to get a homeomorphism

(3) Sp:T(S\v) = TRG(S\7)

where TRG(S\ ) is defined analogously to 7(S\ 7). More specifically, each
curve of v corresponds to two different cycles in the ribbon graph spines;
the lengths of these cycles must match. See [AHC22, pg. 39].

We observe that when ~ is a pants decomposition, Sp(Y') is completely
determined by the boundary lengths £. In the general case, the lengths
of the v; are explicitly obtainable from the metric on Sp(Y), and we will
continue to use £ € R™ to denote the vector of lengths of the curves of ~.

Notation. In light of (3), throughout the rest of the paper we will refer to
twist tori and their measures in terms of the complementary metric ribbon

graph Y = Sp(Y) € TRG(S \ 7). For example,
pry(Y) := py(Y) and PT,(Y,h) := PT,(Y, h).

The discussion in this section should make it clear how a twist torus
changes when it is pushed forward by the dilation flow: the spine of the
complementary subsurface is rescaled. That is,

(4) Dil; (PT, (Y, h)) = PT, ('Y, e "h).

Walls and chambers. The space TRG(S \ ) has a natural piecewise-linear
structure and is stratified by the combinatorial type of the ribbon graphs.
To avoid confusing these with strata of differentials, we will call such strata
facets.'" Top-dimensional facets correspond to trivalent metric ribbon
graphs and lower-dimensional ones correspond to ribbon graphs with higher
valence vertices — this combinatorial structure is also readily apparent in
the dual picture in terms of weighted filling arc systems. For a given ribbon
graph I of the same topological type as S\ 7, we set F'(I") to denote the facet
of TRG(S \ ) consisting of metrics on I' satisfying the gluing conditions.
Luo’s work [Luo07] implies that Sp restricts to a real-analytic homeomor-
phism between each facet and a corresponding subvariety of 7(S \ 7).

It is important to note that that the dimension of F'(I') is not necessarily
the number of edges of I'. For the same reason, some choices of I' do not
correspond to (nonempty) facets: this is because combinatorial conditions
on the spine can enforce constraints on the lengths of the boundaries, which
might not be compatible with the gluing conditions over the curves of ~.
See Figure 3 for an example of this phenomenon.

9A marking of a ribbon graph I is a choice of deformation retract Sy, — T
10The space of all ribbon graphs on S\ « is naturally a union of open orthants, and
the gluing conditions cut out linear subspaces of each orthant.
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@ ' b
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a=zbtc = q+C

4]

FIGURE 3. A pair of spines that does not appear in TRG(S'\
~) and their dual arc systems. Together, the combinatorial
conditions imply that the length of ¢ must be 0, which cannot
happen inside 7(S\ 7).

3.3. Horospheres and slices. Given any h = (hy,...,h,) € RY, define
the length 1 horosphere in 7, based at the weighted multicurve hy =
hiy1U...Uhpy, to be the 1-level set of the (total) length function.'’ That
is,

H,(h) := {X €Ty | > hilx(yi) = 1} .
=1

Each horosphere has a natural lift PH.,(h) to P17, with hy as the second
coordinate. Both the horosphere and its lift are homeomorphic to R%~7
and are foliated by (lifts of) twist tori.

Following Forni [For21], we define a horospherical measure to be any
probability measure supported on PH.(h) that is absolutely continuous
with respect to the Lebesgue class with continuous density and such that
its restriction to each earthquake flow line is the restriction of Lebesgue to
an interval. We also say that the pushforward of such a measure to P'M,
is horospherical.'”

Following our discussion of the wall-and-chamber structure of TRG(S\7),
given any facet F'(I'), we also define the corresponding length 1 horosphere
slice as follows:

n

H,(h,T):= {X €Ty | Y hilx(v)=1and Sp(X \ 7)€ F(F)} .
i=1

As before, there is a natural lift to 7317'9, both the horosphere slice and

its lift are homeomorphic to a Euclidean space, and both are foliated by

twist tori. We say that a probability measure supported on PH,(h,T') is a

horosphere slice measure if it is in the class of Lebesgue with continuous

HThis discussion still holds for the level sets of other functions of the length of the
components of ; compare [AH21, Liu20)].

12p6p example, in [AH21, Liu20, AHC22], such measures are obtained by taking certain
Stab(h~)-invariant measures on PH.,(h), taking a local pushforward to the intermediate
quotient P'7,/ Stab(hy), then pushing down to P*M,.
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density (now on the slice) and the conditional measures on earthquake flow
lines are Lebesgue on intervals. Just as above, we also use this term to
denote pushforward of such a measure to 731Mg.

Remark 3.3. There are natural examples of horospherical and horosphere
slice measures coming from restricting the Weil-Petersson form or by inte-
grating the natural affine measure on facets of TRG(S \ v) against twist
parameters. For applications, one usually wishes to fix such a choice and
compute its mass (pre-normalization). For this reason, the definition of horo-
spherical measures is usually a little more involved in order to record factors
coming from orbifold issues. We refer the interested reader to [AHC22, §7]
or [AH20].

4. FLAT TWIST TORI

In this section, we discuss the flat counterparts of twist tori, horospheres,
slices, and the relevant measures. We prove using the strong rigidity phe-
nomena of [EMI18, ENMMI5] for the PSLy R-action on strata of quadratic
differentials that (the union of) such expanding families equidistribute to
the affine measure on an affine invariant subvariety.

4.1. Twist tori and horospheres. Corresponding to PT,(Y,h) is a flat
twist torus parameterizing quadratic differentials built from horizontal
cylinders with core curves v, heights h, and lengths (circumferences) £; these
cylinders are glued with arbitrary twists along the metric ribbon graph Y.
Indeed, define

QT (Y,h) = O(PT,(Y,h)) C Q' M,
and let
V’Y(Y) h) = O*M’Y(Y7 h)

be the associated probability measure. By Theorem 2.1, O restricts to a
real analytic homeomorphism between PT.(Y,h) and QT (Y, h).

The differentials ¢ € QT (Y, h) are completely horizontally periodic, be-
cause their horizontal foliations are measure equivalent to h-~, i.e., corre-
spond to one another under the natural identification between MJF, and
ML, [Lev83]. With definitions as in [Wril5] or §5.1 below, the flat twist
torus QT+ (Y, h) is just the orbit of any such by the abelian group R” of
twists in the horizontal cylinders, and v, (Y, h) is Lebesgue on QT, (Y, h).
We observe that QT,(Y,h) is locally an affine submanifold in period coor-
dinates, cut out by equations of the form Im(z) = h; and z = £(e), where
e is an edge of Y with length ¢(e). By our convention that £-h = 1, the
intersection of these affine subspaces lies in the unit area locus.

The union of the horizontal saddle connections of any ¢ € QT,(Y,h) is
exactly Y. Thus, the angle around each singularity of the flat metric is w
times the valence of the corresponding vertex of Y; see also §2 of [CF24b].
However, in order to identify the ambient stratum containing QT (Y, h) we
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FIGURE 4. Left: a pair of multicurves on a surface. Right:
An orientable ribbon graph I" with topological type S\ =
where (7,I") is not jointly orientable. If one builds a square-
tiled surface whose vertical and horizontal cylinders are the
pair of multicurves on the left, then its graph of horizontal
separatrices is the one shown on the right.

also need to understand if ¢ is globally the square of an abelian differential.
This can be checked combinatorially, as follows.

Definition 4.1. Let ¥ be a compact surface with non-empty boundary and
let T" be a ribbon graph with topological type . We say that I' is orientable
if its edges can be oriented so that each component of 9% inherits a consistent
orientation. Given a multicurve v C S and a ribbon graph I' with topological
type S\ v, the pair (7,I') is jointly orientable if each component of I" can
be oriented in a way that induces a consistent orientation on ~.

Clearly, if (,T') is jointly orientable, then each component of T' is ori-
entable. On the other hand, (v,T') need not be jointly orientable even if
each component of I' can be oriented. See Figure 4.

Lemma 4.2. Let g be a completely horizontally periodic quadratic dif-
ferential with horizontal multicurve v and let I denote the ribbon graph
consisting of its horizontal separatrices (neither the height of the curves of v
nor the length of the edges of I' are relevant). Then ¢ is globally the square
of an abelian differential if and only if (v,I") is jointly orientable.

Proof. Consider the orientation double cover § — gq. We will show that,
for any component ¥ C S\ v, the preimage of S in q is disconnected if
and only if the component of I' corresponding to ¥ is orientable, and S is
disconnected if and only if (v,T') is jointly orientable.

By construction, each curve of v can be realized as a core curve of a
horizontal cylinder of g. Cutting along these core curves results in a flat cone
surface with boundary homeomorphic to S\ . This (possibly disconnected)
surface now deformation retracts onto I' by collapsing the segments of its
vertical foliation.

From this description, it follows that each component of I' is orientable if
and only if the restriction of the horizontal foliation Im(q) to the correspond-
ing component of S\ v is orientable (see also the discussion in Section 7.2
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of [CF24b]), which happens if and only if the preimage ¥ is disconnected.
Similarly, a joint orientation on (v,I') is equivalent to a global choice of
orientation of Im(gq) on S, which implies the holonomy double cover is dis-
connected. (]

For later use, we record how twist tori and their associated measures
interact with the P action.

Lemma 4.3. For any v, Y, and h, the twist torus measure v,(Y,h) is
U-invariant and satisfies

(5) (9¢)<4 (Y, h) = vy (e"Y, e7"h).

Proof. The action of the horocycle flow can be written as the sum of cylin-
der twists on ~; of total length h;; since Lebesgue measure on a torus is
translation invariant, we see that twist torus measures are U-invariant.

As the Teichmiiller geodesic flow stretches all horizontal data and shrink-
ing all vertical data, it takes twist tori to twist tori. To see that the mea-
sures are taken to one another, we observe that the twist torus measure
is defined via Lebesgue measure on the twists, which constitute horizon-
tal data. Therefore, the Teichmiiller geodesic flow uniformly expands the
(non-normalized) Lebesgue measure on the twist torus, hence preserves the
normalized Lebesgue measure. ([

Similarly, for a given horosphere P H, (h), we define the extremal length
horosphere
QH, (h) = O(PH, (b)) € Q'7,,
which is actually a lift of the 1-level set of the extremal length function
Ly : Ty = Ryg [CF24b, GMO91]. Using Theorem 2.1, QH, (h) is a leaf of
the unstable foliation. For any facet of TRG(S \ ) we can also define the
extremal length horosphere slice

QH,(h,T) = O(PH,(h,T)).

By construction of PH,(h,I') and Theorems 2.1 and 2.3, QH,(h,T") is ac-
tually a leaf of the unstable foliation in the ambient stratum containing it.
Observe that, just as in the hyperbolic setting, QH,(h,T) is foliated by
twist tori.

4.2. Affine invariant subvarieties. Lemma 4.3 tells us that we may view
expanding twist tori as pushforwards of a single torus along the geodesic
flow. By averaging these measures, we can invoke the seminal work of Eskin,
Mizkakhani, and Mohammadi on the P- and PSLy R-invariant measures and
orbit closures in strata of holomorphic differentials. We briefly summarize
their results below.

An affine invariant subvariety (or AIS) £ C QM is a GL R-invariant
immersed sub-orbifold that is locally cut out by C-linear equations defined
over R in period coordinates. Its unit-area locus £! is PSLy R-invariant, and
comes equipped with an ergodic PSLy R-invariant probability measure 1/}.
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This measure has the property that, if m is Lebesgue measure on R, then
dm dyk is locally an affine linear measure on the defining linear subspaces
in period coordinates; see [EM18, Definition 1.1]. While we will not use it
directly, we mention that Filip proved that every AIS is an algebraic variety
[Fil16].

The following combines [EM 18, Proposition 1.3 and Theorem 1.4] and
[EMMI15, Theorems 2.1 and 2.10].

Theorem 4.4. Let Q! be any component of any stratum of Q' M

(1) (Measure classification): Every P invariant ergodic measure on Q'
is also PSLy R-invariant and is yﬁ for some AIS, of which there are
at most countably many.

(2) (Orbit closures): For any g € Q! the orbit closure P - ¢ = PSLyR - ¢
is (the unit area locus of) an AIS.

(3) (Genericity): For any ¢ € Q! the orbit P - ¢ equidistributes in its
closure £1. That is, for any f € C.(Q') and any r € R\ {0},

Applying Theorem 4.4 to the setting of Lemma 4.3, we deduce that the
time-averaged pushforwards of a twist torus equidistribute to its P—orbit
closure.

Proposition 4.5. For any multicurve v on S, any ribbon graph spine Y €
TRG(S\ v), and any cylinder heights h € RZ; with £-h = 1, we have that

T
Y ORI RS

as T — oo, where 1/} is the unique affine probability measure supported on
L' :=P-QT,(Y,h).

Proof. Since v, Y, and h are fixed, throughout the proof we will denote
g¢- QT (Y, h) by QT? and the associated twist torus measure on QT? by v/’

We first consider the (generic) situation in which the moduli h;/¢; of the
horizontal cylinders are linearly independent over Q. In this case, the torus
QTY is a minimal set for the horocycle flow and so the U orbit closure of
any point is the entire torus. We therefore see that

P.g=P-QT0=!

for every ¢ € QT.

Invoking Theorem 4.4, this implies that the Folner sets {giusq : t €
[0,T],s € [0,r]} based at any ¢ € QT equidistribute to v} as T — oo.
Integrating against the twist torus measure and applying Lemma 4.3 yields

/ / f(grusq) dy q)dsdt = / f(q dV (q) dt — fdl/g
QoTo oTt
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for every f € C.(Q'), where Q! is unit area locus of the ambient stratum.
This is what we wanted to show.

In general, the twist torus QTY may not be minimal for the horocycle
flow. In this case, we show that the P-orbit closure of v%-almost every
point is £'; the rest of the argument then proceeds as above.

On any ¢ € QTY, choose a basis for relative homology consisting of hori-
zontal saddle connections and saddles which connect the boundary compo-
nents of the cylinders of ¢; this gives a local period coordinate chart for the
entire stratum Q (not just its unit area locus). Fix a finite collection'® of
such charts that covers QTY. Let A C L be any affine invariant subvari-
ety (again, not just its unit area locus) not containing QT. In any of the
period charts constructed above, QT is cut out by affine equations of the
form hol(s) = ¢; € R (specifying the length of the horizontal saddle con-
nections) and equations of the form Im(hol(s)) = h; (specifying the heights
of the cylinders); compare §4.1. On the other hand, in period coordinates
N is a union of finitely many linear subspaces, each of which is cut out by
linear equations with real coefficients. Therefore, we see that in each chart,
OT° N N is a union of finitely many proper subspaces, hence has v° mea-
sure 0. Moreover, we note that each subspace must be tangent to a proper
subtorus of QTO, else its closure would be the entirety of oTv.

As the P-orbit closure of any ¢ is always an AIS and there are only
countably many such (Theorem 4.4.1), we see that

{q€ QT°: Pq# L'}

is a union of countably many proper subtori of QT. In particular, this set
has measure zero with respect to ¥, and so the P-orbit closure of almost
every point of ot is £t O

Remark 4.6. We note that the above proof also works for any subtorus
QT’ C QTY: the point is just that the intersection of any AIS A that does
not contain QT’ with the torus is always a union of subtori. Thus the generic
point of QT equidistributes under the P action to P - QT'.

4.3. Individual pushforwards. Forni proved that whenever one has a nice
SLsR action and equidistribution of the form above, one can remove the 7T-
average in the above theorem at the cost of removing a small set of times.
We recall that a set Z C R is said to have zero (upper) density if

limn sup Leb(Z N [0,n])

n—»00 n

=0

and that a sequence (a;) converges as t — oo outside of Z if it converges
along all sequences tending to co that are eventually disjoint from Z.

L1 fact, one can cover a lift of the twist torus to Q7T ; with a single chart of this form,
but we use a finite collection of restricted charts so that we do not need to worry about
the Stab(vy) action.
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Theorem 4.7 (Theorem 1.1 of [For21]). Let Q' be a stratum of unit area
quadratic differentials and suppose that v is a U-invariant probability mea-
sure on Q. If the limit

1 [T
Voo = lim / (g¢)«v dt
0

T—oo T

exists and is U-ergodic, then there exists a set Z C R of zero density such
that (g¢)«V — Voo as t — oo outside of Z.

Remark 4.8. Forni conjectures that Z is empty in the case that v is
P-invariant.

Applying this to our context, we immediately get the following strength-
ening of Proposition 4.5:

Corollary 4.9. With all notation as in Proposition 4.5, there is a set Z C R
of zero density such that

(g¢)sv5 (Y, h) = vf
as t — oo outside of Z.

Forni also proved that if v is especially nice, then the set Z is empty.
Recall that a horospherical measure v is one that is supported in a leaf of the
unstable foliation of g; on a stratum ol ¢ Ql./\/lg, is absolutely continuous
with respect to the canonical affine measure on the leaf, has continuous
density, and has conditional measures along horocycle orbits equal to the
restriction of one-dimensional Lebesgue measures.

Proof of Theorem 1.5. From the definitions and the fact that O is a piece-
wise real-analytic homeomorphism on unstable leaves that takes earthquake
flow to horocycle flow in a time-preserving fashion (Theorems 2.1 and 2.3),
we see that if o is a horospherical probability measure supported on PH. (h)
(in the sense of §3.3), then O,o is horospherical with support QH.(h) (in
the sense above). Similarly, if o is a horospherical slice probability mea-
sure supported on PH,(h,T"), then O,c is supported on QH,(h,I') and is
horospherical for the ambient stratum component.

Theorem 1.6 of [For21]** (or [EMM22, Proposition 3.2]) ensures (g;0 Q)0
converges weak-* as t — 0o to the Masur—Smillie—Veech probability measure
vl on the ambient stratum component of QlMg containing the horosphere
(slice). Applying Theorem 1.3 then gives that (Dil;).o converges weak-* to
(’)*Vlg. O

5. TWIST TORI BUILT FROM PANTS DECOMPOSITIONS

In this section, we identify the orbit closures of twist tori built out of pants
decompositions, proving Theorem 1.2. The key tools are some properties
of affine invariant subvarieties and Wright’s notion of (cylinder) rank from

MTheorem 1.6 in Forni’s paper is stated for the stable foliation, but clearly applies to
the unstable.
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[Wril5], discussed below. Throughout this section and the next, except when
we discuss equidistribution, we will always work with an entire stratum/AIS,
not just its unit area locus.

5.1. Cylinders and rank. Let A be an AIS in a stratum of (squares of)
abelian differentials H = QM(k; +1). Then N is an immersed submanifold
of H that is locally a C-linear subspace in period coordinates for ‘H defined
over R (see §4.2). For w € N, we have

TN <T,H=H"(w,Z(w);C).
There is a natural linear projection
p: HY(w, Z(w);C) = H'(w;C).

Definition 5.1. The rank of N is the half the (complex) dimension of
p(T,N) < H'(w; C). Therel of A is the (complex) dimension of T,, N'Nker p.

Rank and rel are among the most important invariants of an AIS. The
proof of the following uses only the definitions and basic properties.

Lemma 5.2. Suppose N/ and N/ are AISs in a stratum of squares of abelian
differentials. Assume that N C A7 and

rank(N) + rel(NV) > rank(N') + rel(N”).
Then N = N".

Proof. Let w € N be a smooth point.'” Then T,N < T, N’. Directly from
this containment, we deduce

rank(N) < rank(N”) and rel(N) < rel(N).
By hypothesis and the fact that rank and rel are never negative, we conclude
rank(N) = rank(N’) and rel(N) = rel(N”).
The (complex) dimension of A is computed as
dim(N) = 2rank(N) + rel(N),
and similarly for A”. Thus dim(N') = dim(N”), which implies that N' = N
near w. By GL(2,R)-invariance, N' = A/ globally. O

Wright introduced the notion of rank in [Wril5] and related it to the
dimension of the space spanned by the directions tangent to certain cylinder
deformations, which we recall below.

For a given w € N C H, let C(w) be the set of maximal, singularity
free horizontal cylinders in w. Each element C; € C(w) is an isometrically
embedded open Euclidean cylinder with positive height, foliated by closed,

1514 is possible that A is entirely contained in the orbifold locus of . In this case, by
“smooth” we mean a point whose local orbifold group is the smallest possible. See, e.g.,
[CSW20, §2.3]. In any case, our arguments only use the dimension of the relevant spaces,
not their vector space structure.
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nonsingular oriented leaves of the imaginary foliation of w which are all
homotopic to its core curve ;. Recall that

1
Ug = <O i) € SLoR,

and define u$iq € H(k) to be the abelian differential obtained by applying
the horocycle flow us to C; but not the rest of w. Denote by n; € T, H(k)
the tangent vector to the path s — u$iw at s = 0, and observe that 7; €
H'(w, Z(w);R). In fact, n; is Poincaré-Lefschetz dual to the homology class
in Hij(w\ Z(w);R) defined by h;v;, where h; is the height of the cylinder Cj;
see [MW18, §4].

The fact that A is cut out by R-linear equations implies T, V' = TRN ®C,
where TRN < H'Y(w, Z(w); R). The twist space of N at w is spanned by
those cylinder deformations which remain in N:

Twist(w, N) := (n; : C; € C(w)) NTEN.
We deduce the following from [Wril5, Section 8].

Proposition 5.3. Let ANV be an AIS in a stratum of squares of abelian
differentials and suppose w € N is horizontally periodic. Then

dim Twist(w, N') < rank(N) + rel(N),
with equality if no other w’ € A has more cylinders than w.
Proof. Corollary 8.11 of [Wril5] asserts that, for any w € N,
dim TEN — dim Twist(w, N') > rank(N).

Combining Lemma 8.6 and Lemma 8.8 of [Wril5] gives equality if w has
the maximal number of horizontal cylinders among all w’ € N. Using
dim TRN = 2rank(N) + rel(N), we obtain the desired conclusion. O

Lemma 8.11 of [Wril5], used in the proof of Proposition 5.3, relies on
the fact that p(TXN) is a symplectic subspace of H'(w;R) with respect
to the intersection pairing [AEM17, Theorem 1.4]. The rank can then be
interpreted as the (real) dimension of a Lagrangian subspace of p(TXN).
Since 7); is Poincaré—Lefschetz dual to h;7;, and the curves {~;} are all dis-
joint, one deduces that p(Twist(N,w)) is isotropic. We record the following
consequence for use later; see also [Wril5, Section 8|.

Proposition 5.4. Let w € N be horizontally periodic. Then
dimp p(Twist(w,N)) < rank(N).

Combining Lemma 5.2 and Proposition 5.3 allows us to easily identify
orbit closures of twist tori associated to pants decompositions.

Corollary 5.5. Let Q be a component of a stratum of holomorphic qua-
dratic differentials on a closed genus g surface and let £ be an AIS. Suppose
that £ contains a surface ¢ with 3g—3 horizontal cylinders and that all cylin-
der deformations of these horizontal cylinders remain in £. Then £ = Q.
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Proof. No holomorphic quadratic differential on a genus g surface can have
more than 3g—3 horizontal cylinders, as their core curves must all be disjoint
and homotopically distinct. Thus ¢ contains as many horizontal cylinders
as possible for any surface in Q (hence for any surface in £). By hypothesis,
all of these cylinders can be twisted individually to stay in L.

The loci £ C O of holonomy double covers of surfaces in £ and O, respec-
tively, are AISs in a stratum of abelian differentials. A holonomy double
cover ¢ of ¢ has the most horizontal cylinders among all surfaces in Q. The
cylinder deformations tangent to £ at ¢ lift to (sums of) cylinder deforma-
tions tangent to L at q, so

dim Twist(q, £) = 3g — 3
(dimension is preserved because the kernels of transfer maps on (co)homology
are always torsion). Using Proposition 5.3 twice, once for £ and once for Q,

rank (L) + rel(£) = 3g — 3 = rank(Q) + rel(Q).
By Lemma 5.2, we conclude that L= é, hence that £ = Q, establishing
the result. O

5.2. Proof of the main theorem. At this point, we can assemble and
prove a more detailed version of our main Theorem 1.2. For the reader’s
convenience, we quickly recall the setup and the statement below.

Given a pants decomposition v of a topological surface S and a length
vector £ € Rigo_?’. Suppose X is a hyperbolic surface glued together out
of geodesic pants curves with lengths given by £, and let Y = Sp(X \ )
be the metric ribbon graph from §3.2. Let V,(£) denote the number of
components of S\ v that have property (V) from the introduction, i.e., such
that the lengths of two of its boundaries sum to the length of the third. This
corresponds to the corresponding component of the ribbon graph Y having
a 4-valent vertex and being orientable (in the sense of Definition 4.1).

Recall our notation that if Q is a component of a stratum of quadratic
differentials, then Vlg is the Masur—Smillie-Veech probability measure on its

unit area locus Q' (§2.1).

Theorem 5.6. Fix any pants decomposition v, any £ € Rigo%, and any

h € Rigo%z such that £-h = 1. There is a set Z C R of zero density such
that

tlglgo fy(e'8, e""h) = O*vy,

62
where Q is the (connected) stratum QM (1497472V+(8) 2V2(8): o) ‘and e = 1
if and only if V,(£) = 2g — 2 and (v, Y) is jointly orientable.

Proof of Theorem 1.2 given Theorem 5.6. We only need to justify the two
numbered items. Mirakhani proved that O*ulg = [Mirz/bg when Q is the
principal stratum of quadratic differentials [Mir08, Theorems 1.3 and 1.4].
This gives item (1) of Theorem 1.2.
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For item (2), note that for any stratum component Q, the measure v}

is ergodic for the P-action. Any two distinct components of strata yield
distinct Masur—Smillie—Veech measures. By ergodicity and Theorem 2.3, if
Q is not the principal stratum, then O*ulg and pnr, are mutually singular.

O

Proof of Theorem 5.6. Form the twist tori PT,(Y,h) and QT,(Y,h) as in
§83.1 and 4.1, as well as their associated measures j(Y,h) = 11,(€,h) and
v(Y,h). Note that the edge lengths of Y are linear functions of the lengths
£ (see [CF24b, Figure 1]), so rescaling £ corresponds to rescaling Y. From
§4.1 and Lemma 4.3, recall that O interchanges these tori and that g, takes
twist tori to twist tori (5):

Oy (Y, h) = vo(Y,h) and (gi)«v4(Y,h) = vy(e'Y, e h).
Claim 5.7. With all notation as above, we have
P-OT,(Y,h) = QlMg(14g—4—2V,y(£)’ 2V~ (). )
where e = +1 if (v,Y) is jointly orientable, and e = —1 if not.

Proof. The spine Y has 2g — 2 components, V,(£) of which have a unique
4-valent vertex and the rest of which have two trivalent vertices. Thus, we
can identify the ambient stratum component containing the twist torus using
two facts: that k-pronged singularities of O, (X) correspond to zeros of order
kE—2 of O(X,h-+) (Theorem 2.3) and that joint orientability of (v,Y) is
equivalent to O(X, h-~) being the square of an abelian differential (Lemma
4.2). Connectivity of these strata is a consequence of the classification of
connected components of strata [XZ03, Lan08g].

The argument presented in the proof of Proposition 4.5 gives that P - QT (Y,h) =
Pgqp for generic qo € QT+ (Y,h). By Theorem 4.4, Pqq is the unit length
locus of an AIS £, and since Pgy D QT (Y, h), Corollary 5.5 implies £ must
be the entire ambient stratum. ([

By Corollary 4.9 and (5), we have that these flat twist tori equidistribute
to the Masur—Smillie-Veech probability measure U1Q on the ambient stratum
outside a set Z of zero density:

v, (€'Y, e"h) 1oeo 82, vy.
Applying Theorem 1.3, we therefore get that

(€Y, e"th) = O*v, (€'Y, e "h) il N O*v.

This is what we wanted to show. O

6. OTHER TWIST TORI

One of the pivotal steps in our proof of Theorem 1.2 relied on the fact that
no flat surface can have more than 3g—3 horizontal cylinders (Corollary 5.5),
which makes it seem like pants decompositions are special. In this section,
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we demonstrate that this phenomenon is actually much more general. Using
more tools from Teichmiiller dynamics, we show the equidistribution of more
families of flat twist tori to their ambient strata (and to other AISs), which
implies the equidistribution of other hyperbolic twist tori via Theorem 1.3.

Apart from the identification of orbit closures, the proofs of the results in
this section are identical to that of Theorem 1.2 and are therefore omitted.
The examples in this section are meant to be illustrative, not exhaustive —
we invite the reader to import their favorite techniques to this setting.

6.1. Regular plumbing fixtures. As a motivating example, let us con-
sider the following family of generalizations of our problem. For p > 3 and
L > 0, we define the regular plumbing fixture with p holes to be the
unique hyperbolic metric on a p-holed sphere with totally geodesic bound-
aries of length L and a dihedral symmetry group of order 2p; see Figure

D.

FI1GURE 5. A regular plumbing fixture on a 7-holed sphere.

Suppose that « is a multicurve on S such that each component >, ..., 3
of S\ v has genus 0; let p; denote the number of boundary components of
>;. Taking each component to be a regular plumbing fixture with boundary
lengths L, we get a twist torus T,(L) C M, whose corresponding metric
ribbon graph spine X = X(p1, ..., px) has k components, the i*" of which has
two vertices of valence p; and edges of length L/2. Paralleling Conjecture
1.1, one can ask: what is the limiting distribution of these tori in M, as
L — o0?

For any choice of heights h, the corresponding flat twist torus QT (X, h)
parametrizes surfaces with cone points of angle p1 7, p17, pom, pom, ..., DpT, DiT,
so unless all p; = 3, the limiting distribution of the lifted hyperbolic twist
tori PT,(X,h) C PIM, will not be Mirzakhani measure. Moreover, since
the orbit closure of QT (X, h) is contained in a non-principal stratum, the
possible limiting distributions on M, may be qualitatively different from
Mirzakhani measure. For example, the generic surface can contain large
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embedded disks, can be hyperelliptic, can have constrained thick-thin de-
composition, and so on (compare [CF24b, Remark 1.3]).

Whenever any p; is even, one can check that the differentials ¢ € QT (X, h)
do not have the maximal number of cylinders for their ambient stratum. For
example, if all p; = 4 then #v = 2g — 2, but we have seen in the previous
section that there are differentials in the stratum QM (2297%¢) with an
entire pants decomposition worth of horizontal cylinders. Thus we will need
to employ different techniques.

6.2. Jointly orientable constructions. We first focus on the case when
(7, T) is jointly orientable, that is, when the twist torus lives inside a stratum
of (squares of) abelian differentials. Recent deep work of Apisa and Wright
classifies the “large” AISs in these strata.

Following [AW?23], say that an AIS £ in a stratum of genus g abelian
differentials has high rank if

rank(L) > % + 1
Theorem 6.1 (Theorem 1.1 of [AW23]). Any high rank AIS in a stratum
of squares of abelian differentials is either a component of the stratum or the
locus of all holonomy double covers of surfaces in a component of a stratum
of quadratic differentials.

Given any twist torus QT, (Y, h) contained in such a stratum of squares
of abelian differentials, the dimension of the projection of the tangent space
of the twist torus to absolute cohomology (as in Proposition 5.4) is just the
dimension of the span of the curves of v in homology. Thus, so long as
has at least g/2+1 curves, the P orbit closure of QT,(Y,h) is the unit area
locus in either the ambient stratum or a locus of double covers.

Combining this Theorem together with the argument from Section 5.2,
mutatis mutandis, immediately yields a result for jointly orientable gluings
of regular plumbing fixtures.

Theorem 6.2. Let v be a multicurve on a surface S such that S\ v is
a union of pi,...,pg-holed spheres, where all p; are even. Fix L > 0 and
consider the twist tori in M, obtained by gluing together p;-holed regular
plumbing fixtures with all boundary lengths L along v. Suppose furthermore
that (v, X) is jointly orientable, where X = X(py, ..., pg) is the ribbon graph
spine for the regular plumbing fixtures. Fix any choice of heights h such
that > h; = 1/L. There is a set of times Z of zero density such that

t—o00,t€Z
e

p (€' X, e h) O*V} as measures on P'M,.

(1) If S admits an involution fixing each of the curves of v setwise but
reversing their orientations (hence k < 2), then L is the hyperelliptic
locus in the component of the stratum

AM, ((p1 —2)% .., (pr — 2)%+1) .
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(2) Otherwise, £ is the entire component of the ambient stratum con-
taining QT+ (X, h).

Proof. The only thing that remains to be justified is why no other loci of
double covers of quadratic differentials can appear. For this to be the case,
~v must be setwise invariant under some orientation-preserving involution ¢
of S. Unless ¢ is hyperelliptic, there are two curves of v which must be
interchanged. Twisting those curves independently is not t-invariant, hence
the tangent space to the twist torus is not ¢-invariant. O

This proof is clearly much more general: one can pick any metric ribbon
graph X such that (v, X) is jointly orientable and get the same result. See
Figure 6 for examples that land in the minimal strata.

Remark 6.3. Unlike Theorem 1.2, the gluing pattern of 7 can determine the
limiting measure, as some strata QMg (x;+1) are disconnected. However,
one can read off the parity of the induced spin structure from the data of
and X by computing winding numbers.

00000) (00909) (05g00)

FIGURE 6. Twist tori corresponding to the minimal stratum
of squares of abelian differentials. The drawn arc systems are
dual to ribbon graphs each with a unique vertex of valence
4g — 2. The leftmost torus lands in the hyperelliptic locus,
while the other two land in the odd and even spin components
(which diagram corresponds to which spin depends on the
parity of g mod 4, see [CS21, §6.3]).

Using more specific results from Teichmiiller dynamics, we can identify
the limiting distributions of a still wider range of twist tori. We mention in
particular the following result of Winsor [Win24], which itself admits further
generalizations, e.g., to “k-legged pants.”

Theorem 6.4 (Theorem 1.3 of [Win24]). Suppose £ is an AIS in a com-
ponent H of a stratum of squares of abelian differentials. Suppose further
there is some w € L with a set of three horizontal cylinders whose core
curves bound a pair of pants, and that cylinder deformations on each of
these cylinders remains in £. Then £ = H.

Consequently, if v is any multicurve such that some component of S\ T’
is a pair of pants, and Y € T (S \ 7) is any metric ribbon graph such that
(7,Y) is jointly orientable, then the twist tori PT,(e'Y, e~"h) equidistribute
outside a set of zero density to the pullback of Masur—Smillie-Veech measure
coming from their ambient stratum.
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6.3. Lifting homologies. When (v,Y) is not jointly orientable we have
fewer tools at our disposal, as the classification of orbit closures in quadratic
strata is not as far along as the abelian case (for example, there is no known
analogue of Theorem 6.4). However, we can still apply Theorem 6.1 in many
situations.

In order to do this, let us record some numerical invariants of quadratic
doubles. Let Q be a component of a stratum QM(x; —1) of genus g holo-
morphic quadratic differentials, where k is a partition of 4g — 4. Let K qq

denote those elements of k that are odd and likewise define Kgyqy-

Lemma 6.5. Let Q C QM(k;—1) be a component of a stratum and

let @ C QM@(E; +1) be the AIS consisting of holonomy double covers of
surfaces in Q. Then

~ ~

~ 1 1
g = 29+§#ﬁodd_1’ rank(Q) = g+§#ﬁodd_]—7 and rel(Q) = #ﬁeven'

Proof. This is [AW21, Lemma 4.2], but we give some details for complete-
ness; see also [BW17, Theorem 26] for a related computation in the context
of train tracks. The expression for g can be computed using the Riemann—
Hurwitz formula for the holonomy double cover § — ¢ branched over the
zeros of ¢ € QM (k; —1). To compute rank, subtract the complex dimension
of the kernel of the map to absolute cohomology from the complex dimen-
sion of QM (k; —1) and divide by two. Since dim QM (k; —1) = 29 — 2+ #kK
and the kernel of the map to absolute cohomology is generated by certain
relative cycles associated to the even order zeros of any ¢ € O, the formulas
follow. O

Remark 6.6. We note that the locus of double covers Q is only high rank
in QMg (R; +1) once Kyqq > 6.

Proposition 5.4 gives a lower bound for the rank of an AIS £ in terms
of cylinder deformations. When £ contains the entire twist torus QT(Y, h),
this dimension can be computed explicitly.

Proposition 6.7. Let Q be a component of QM(k;—1). Let ¢ € Q
be horizontally periodic with horizontal multicurve v and let I' denote the
ribbon graph of horizontal separatrices on ¢. Then

-~

dimp p(Twist(q, Q)) = #v — No(I),
where N,(I") is the number of orientable components of T

Proof. The basic idea is that cylinder deformations are dual to their core
curves, and each subsurface of S\ - defines a linear relation between its
boundary curves in the homology of S. These relations lift to relations
between the curves of 7 in the homology double cover S exactly when that
subsurface is disconnected in S. The main technical difficulty is just to
ensure that there are no other unaccounted-for relations.
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Let us begin by setting some notation. Enumerate the curves of ~ as
Y1, -+,%n. The linear holonomy along the core curve of a horizontal cylinder
is trivial, so we know the preimage of each ~; in the holonomy cover ¢ has
two components. Pick a lift 7, C ¢, so the full preimage is 7, L ¢(7¥;), where ¢
denotes the covering involution. Choose an orientation on each v; C S and
orient 7, so that it maps with degree 1 to ~;. Push that orientation forward
by ¢ to induce an orientation on ¢(%;) and define

Vi =7 — 7 € Hi(g\ Z(9); 2).

Up to scale, these are the Poincaré-Lefschetz duals of the lifts of cylinder
deformations of g to ¢, and satisfy t,7; = —7;. See Figure 7.

The inclusion induces a natural map i, : H1(¢\ Z(¢); Z) — H1(¢;Z) and
duality makes the following square commute (with any coefficients):

HY¢,Z(9)” +—— H1(q\ Z(9)~

I I

HY(§)” +——— H1(q)~
Thus, in order to prove the Proposition it is equivalent to show

dimR i*</’}71, 7§n> =n— Nco-

For brevity, and to avoid confusion with the action ¢, of the covering in-
volution on the homology of S , we will henceforth drop the i, and write
9 € Hy(S;R)™. Also, let V =i, (31, ..., An)-

Enumerate the subsurfaces S\ v = ¥; U ... U X, and let ij be the
full preimage of ¥; under S = S. Let I'; denote the component of I
corresponding to XJ;, and observe that a subsurface ij is disconnected if and
only if I'; is orientable (as in the proof of Lemma 4.2). Consider annular
neighborhoods A; of v; C .S and let A\Z be their full preimages.

Now consider the Mayer—Vietoris long exact sequence (with coefficients
in R, say)

(6) ~ o R
0 — Hy(S) — & ;Hi(ANS;) — <@?:1H1(Ai)) D ( EH(S )) — H1(S5) > ...

By naturality of ¢4, this long exact sequence is the sum of two long exact
sequences corresponding to the t-invariants and the ¢(-anti-invariants, and
we are interested in the latter. R R

Since ¢ is orientation-preserving and S is closed, we have Hy(S)™ = 0. By
definition, H; (2 )~ = (3i). Let 7;" and 7; be curves parallel to v; obtained
by pushing off to the right and left, respectively; see Figure 7. For any fixed
t, we have that U AN E] is a union of four cylinders, the cores of which

correspond to %’ and Lwi . Thus @®; jH; (AZ N EJ)_ is freely generated by
(Af:i=1,..,n}.
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FIGURE 7. A non-trivial cover & — % corresponding to a
non-orientable ribbon graph. We have 7; = 7, — 1,7, and the
push-off to the right is ;" =7 — .7}

Since each f]j is the total preimage of 3;, it is invariant under the covering
involution .. Hence the anti-invariance distributes over the sum in (6),
yielding

M 0= G5 ELEND (EahE) ) S mE) ...

where F' : ﬁf = (Y, —&\f) and G sums the components together. Note
dim(im F') = 2n since (7) is exact.

We now use this sequence to compute the dimension of V. We begin
by observing that im F C G=}(V), so that V 2 G=}(V)/im F. From the
definition of V, we see G~1(V) is generated by the 3n homology classes
{3 ,9,79; }1. The classes {ﬁf}le may satisfy some relations in @Hl(ij)_,
which we now compute.

Each ij is a surface with an even number m; of boundary components

{et, o emy f Udiser, oo tuem, 1

where {¢;} C {77 }. We assume without loss of generality that the orien-
tations are chosen so that

Zci + ZL*Q =0¢c Hl(i‘j)

holds. If f]j is connected, then this is the only non-trivial relation satisfied
by {ci} U {tsc;}, while if 3 is disconnected, then additionally

ZCZ' =0= ZL*CZ' € Hl(ij)
{ci—teii=1,...,m;} C Hl(ij)_

is a linearly independent set if and only if ij is connected and otherwise
spans a subspace of dimension m; — 1. By definition, there are N,(I") dis-

connected EA]]-, so that dim G=(V) = 3n — N,(I'). Putting this all together,

In particular,
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V = G~Y(V)/im F has dimension
dim G~H(V) — dim(im F) = (3n — N,(T)) — 2n = n — N,(T),
completing the proof of the Proposition. O

Combining Lemma 6.5 and Proposition 6.7 gives a criterion for when an
AIS L containing a twist torus must have high rank. Pugging this into
Theorem 6.1 yields the following:

Corollary 6.8. Let QT+ (Y, h) C QM,(k; —1) be a flat twist torus parametriz-
ing quadratic differentials which are not squares of abelian differentials. If

1 1

#y>9+ Z#ﬁodd + No(Y) + 3’

then the only AIS containing QT (Y, h) is the ambient stratum component.

Applying this to our motivating example, we get that twist tori con-
structed out of regular plumbing fixtures generally equidistribute to the
pullbacks of Masur—Smillie-Veech probability measures. We note at least 3
of the p; must be odd in order to have high rank (see Remark 6.6), in which
case we know that Q must be connected [Lan08, CM14].

Theorem 6.9. Consider any gluing of regular plumbing fixtures with bound-
ary lengths L, as in Section 6.1. Suppose that at least 3 of the p; are odd
and that the pair (v, X) is not jointly orientable. Fix any choice of heights
h such that ) h; = 1/L. There is a set of times Z of zero density such that

_ t—00,t&€Z
(€' X, e h) 1oo0, 187, (’)*ylg as measures on P M,,

where v is the Masur—Smillie-Veech measure on Q' My ((p1 — 2)?,..., (pr — 2)% —1).

We conclude with a substantial generalization of Theorem 1.2 which uses
far fewer curves. Its proof follows in the same way as the rest of results in
this section, together with the observation that trivalent ribbon graphs are
not orientable.

Theorem 6.10. Suppose that v is a multicurve on a surface S with #vy >
2g. Fix a trivalent Y € TRG(S \ v) and pick any h such that £-h = 1.
There is a set of times Z of zero density such that

iy (€Y, e h) S22

In particular, projecting down to Mg, the twist tori T, (e'Y) for ¢t ¢ Z
equidistribute to %‘f)d volwp (X).

1
LMirz/bg as measures on P M.
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